The entropy production rate was determined for avascular tumor growth. The proposed formula relates the fractal dimension of the tumor contour with the quotient between mitosis and apoptosis rate, which can be used to characterize the degree of proliferation of tumor cells. The entropy production rate was determined for fourteen tumor cell lines as a physical function of cancer robustness. The entropy production rate is a hallmark that allows us the possibility of prognosis of tumor proliferation and invasion capacities, key factors to improve cancer therapy.
Introduction
Cancer is a generic name given to a group of malignant cells which have lost their specialization and control over normal growth. These groups of malignant cells are nonlinear dynamic systems which self-organize in time and space, far from thermodynamic equilibrium, and exhibit high complexity [1] , robustness [2] and adaptability [3] .
In spite of achievements in molecular biology and genomics, the growth mechanism for tumor cells and the nature of its robustness are still unknown. According to Kitano [4, 5] , cancer robustness is due to functional redundancy and feed-back control systems. This robustness enables a system to maintain its functionality in the face of various external and internal perturbations.
For Hauptmann [6] , cancer is an adaptive phenomenon which is the response to cellular stress induced by an energetic overload which ultimately leads to an increase in cellular entropy. Recently Luo [7] demonstrated that the entropy production rate of cancer cells is always higher than that of healthy cells.
In previous work it was demonstrated that the entropy production rate is a Lyapunov function [8] . The objective of this work is to extend the thermodynamic formalism as applied to cancer, leading us to the suggestion that the entropy production rate for avascular tumor growth is a "hallmark of cancer". The plan of the paper is the following: Section 2 gives a summary of the phenomenology of irreversible processes and sets the stage for the results of entropy production rate to follow. In Section 3, a formalism is obtained from the master equation (ME) to obtain the mesoscopic model which describes the tumor growth dynamics in absence of external fluctuations, taking into account that the tumor grows in a limited area. The microscopic variable considered to describe the state of the system is the total number of tumor cells, and the macroscopic variables are the expected value of the radius and the fractal dimension, which is a result of internal fluctuations. In Section 4, Results and Discussion, the behavior of different types of tumor cell colonies, characterized by Brú [9] is predicted by using the formalism developed in Section 2 and 3; and finally, some conclusions are presented.
Thermodynamic Formalism
We know from classic thermodynamics that if the constraints of a system are the temperature T and the pressure P; the entropy production can be evaluated using Gibbs's free energy [10] , as:
If the time derivative of (1) is taken, we have that:
where δ d i S t represents the entropy production rate, Taking into account (2) and (3), we get:
The affinity can be calculated as [9] : are negative for reactants and positive for a products. The formula (5) we rewrite as:
The reaction rate   can be evaluated according to the difference between the forward f   and backward reac-
Substituting (6) and (5a) on (4) is obtained:
The formula (7) is always positive by virtue of the second law. As demonstrated as a proof in reference [8] the relation (7) is a Lyapunov function, and thus provides a directional criterion and stability for the dynamical system, in other words, characterizes a complexity of the system. As a matter of fact, we postulate the entropy production given by (7) as a "hallmark of cancer" useful to the prognosis of tumor proliferation.
Mesoscopic Model
To obtain a mathematical model to predict avascular tumor growth, the following considerations were made:
First: The considered system is a tumor in vitro with a circular geometry in 2D and an irregular contour, where the increase of the number of cells n occurs because of the reproduction of the contour cells. The total number of cells n is the microscopic variable that describes the behavior of the system, and macroscopic variables considered were the tumor radius r and the fractal dimension of the interface d f , related by the expression:
where 2 L      is the area occupied by an individual cell, w is an non-dimensional magnitude that express the height difference between two points in the contour separated by an non-dimensional distance l , and   G y is a linear function of y . Because the reproduction and death of the cells on the contour are considered as stochastic process, r is a stochastic variable who's variance is related with the contour roughness.
Geometrically, a tumor has the shape shown in Figure  1 , in which the distance between the centre of the tumor and the point at the interface more distant from the centre where f is a function of the relation   2 R  with the following properties:
I think the function f is missing in these following 2 equations??
Third: Because the change of n depends of the proliferation and death of the contour cells and if the formula (7) is considered, then the transition probability per unit of time T r t -1  associated with the increases of n is written a priori as:
While that the transition probability per unit of time associated to the decrease of n,
 is assumed as:
where:
In Equations (14) and (15) 
 is the cell reproduction rate constant, and
 is the cell death rate constant. The death rate constant k d includes a correction term F a , which represents the relation between the tumour radius r and a characteristic length D of the area (see Equations (16) and (17)) and takes into account the finite area of the host. The term F a is equivalent to the relation between the total number of cells and the total sites which can be occupied.
Considering the transition probabilities (14) and (15) the master equation ME [12] which describes the probability behaviour P(n;t) of having n cells in time t is written as: ; 0 1,
where a n  is the step operator. Since the reproduction or death of a single cell produces a negligible effect on the system:
then the variable n can be considered continuous. If the step operator is expressed in its differential form:
The Fokker-Planck equation (FPE) is obtained [12, 13] for P(n,t):
1 ;
If we take into account the following relations between the probability related to the microscopic P(n,t) and the one related to the macroscopic variables P(r,t) [13] :
then the FPE related to the behavior of the macroscopic variable is: 
in which the relations among macroscopic and microscopic rate constants are:
In FPE (XXV), the first term on the right is a convective term related to the expected or deterministic value, while the second term is a diffusive term related to the fluctuations value. Taking into account that the macroscopically observed cell size  is independent of the tumour size r 2 , we can consider that: 
in such a way that Equation (25) 
From the FPE (29) the expected radius of the tumour R is obtained [12] :
where  and  L. t ) macroscopically observed during the linear growth stage [9] ; and for variance :
The system of ordinary differential equations given by (30) and (31) represents the mesoscopic model which describes the tumour dynamics in absence of external fluctuations considering the finite host area.
The stability analysis [14] shows that the radius grows to a stable stationary state, also called dormant tumour stage [15] .
where the constants C 1 and C 2 are evaluated taking into account the interval of values physically possible that can be obtained by the relation between the reproduction and endogenous death rate constants. Then two extreme cases appear: (a) Experimental results reported by Brú et al. [9] 
